Based on the modeling of type IIB string theory vacua using gauged S-duality and the ChanPaton symmetries by introducing an infinite number of open string charges (affinization), we derive the derived category formulation of the quantum mechanical world including gravity. This leads to the concept of a non-linear potential of gauged and affinized S-duality which specifies the morphism structure of this derived category. §.1 Introduction. Since quantum mechanics was first conceived, the quantum mechanical world (also referred to in the following just as 'the world') has needed a new language to describe it and to resolve its measurement problem. In Penrose's thesis[1], quantum mechanical world branching, that is, the collapse of the superposition of wave functions, in a measurement process is a phenomenon induced by the effects of quantum gravity on the cosmic time. The traditional way to quantize gravity has relied on the classical variables of a space-time metric tensor and matter fields. [2] [3] [4] [5] [6] One expects that in a genuinely quantized theory of gravity these classical ingredients are substantially removed and replaced by a discrete kind of geometry. In this letter, based on a string theory view point, we propose a novel way to describe the quantum mechanical world, including gravity, by using the notion of a derived category. This description is the logical consequence of previous work on modeling type IIB string theory vacua by gauged and affinized Sduality. [7] As our scheme, we first formulate the world as the derived category constructed from a given wave function with the trivial morphism structure; second, we reformulate it by introducing a non-linear potential instead of the wave function. This potential specifies the morphisms of the category as the transformation operators compatible to it (namely, where it is a vector). The cohomological information of the objects of the category results from their interrelationships.
§.1 Introduction. Since quantum mechanics was first conceived, the quantum mechanical world (also referred to in the following just as 'the world') has needed a new language to describe it and to resolve its measurement problem. In Penrose's thesis [1] , quantum mechanical world branching, that is, the collapse of the superposition of wave functions, in a measurement process is a phenomenon induced by the effects of quantum gravity on the cosmic time. The traditional way to quantize gravity has relied on the classical variables of a space-time metric tensor and matter fields. [2] [3] [4] [5] [6] One expects that in a genuinely quantized theory of gravity these classical ingredients are substantially removed and replaced by a discrete kind of geometry. In this letter, based on a string theory view point, we propose a novel way to describe the quantum mechanical world, including gravity, by using the notion of a derived category. This description is the logical consequence of previous work on modeling type IIB string theory vacua by gauged and affinized Sduality. [7] As our scheme, we first formulate the world as the derived category constructed from a given wave function with the trivial morphism structure; second, we reformulate it by introducing a non-linear potential instead of the wave function. This potential specifies the morphisms of the category as the transformation operators compatible to it (namely, where it is a vector). The cohomological information of the objects of the category results from their interrelationships.
We start with some preliminary explanations of the theory of gauged S-duality. [7, 8] The Neveu-Schwarz-Ramond (NSR) model of type IIB string theory contains the massless and bosonic excitations of the axionχ, dilatonφ, gravitonĝ MN , 2-form Neveu-Schwarz-Neveu-Schwarz (NS-NS) and RamondRamond (R-R) potentials (B (i) MN for i = 1, 2, respectively) and the R-R 4-form potential with its self-dual field strength. A hat indicates that a field is tendimensional. The effective action in the Einstein frame is [9, 10] 
where the SL(2, R)/SO(2) moduli matrixM of the axion-dilaton and the vector of H-fields arê
. We exclude the R-R 4-form potential from consideration. The action in Eq. (1) is manifestly invariant under the S-duality transformationŝ
where Λ ∈ SL(2, R) S . According to [7] , we gauge and quantize the S-duality group of Eq.(3). We regard the pair of the axion and dilaton and that of F-and D-strings as the gauge bosons of gauged S-duality. Since the axion and dilaton parameterize the coset SL(2, R)/SO(2) ≃ H, the corresponding gauge potentials, as the connections on the fiber bundle, satisfy a n ∈ dH ,
for the tangent space of the Poincaré upper half plane dH and index n of the base space coordinates s n . However, we assume that the gauge group is originally SL(2, R) S and the Lie algebraic constraints on the field operators reduce it to the coset SL(2, R) S /SO (2) . Then, the number of the generators of the gauge symmetry is still three. In type IIB string theory, the S-duality gauge group of Eq.(3) is quantized from SL(2, R) S to SL(2, Z) S by imposing Dirac's charge quantization condition on the charges. To achive it, we restrict the coordinates s n to be discrete, so that the infinite dimensional unitary representations of the transformation operators belong to the representation of SL(2, Z) S . When we refer to the coordinates s n on the base space in type IIB string theory (not in type IIB supergravity), we regard them as discrete variables. We construct a model of type IIB string theory vacua by introducing an infinite number of open string charges of Chan-Paton symmetries on the systems of fundamental (F-) strings and multiple Dirichlet (D-) strings with arbitrary multiplicities besides the infinitesimal generators of S-duality[26]
and affinizing to theĝ = sl(2, R) S algebra (i.e., incorporating the world sheet degrees of freedom (d.o.f.) of a perturbative string theory into an affine Lie algebra based on sl(2, R) S algebra)
for l ∈ Z. By gauging these symmetries, we consider the generalized Yang-Mills theory with the gauge affine Lie algebraĝ of the gauge field and Faddeev-Popov ghost and anti-ghost fields on theĝ fiber bundle over an infinite dimensional base space. The coordinates of the base space are an infinite number of time variables (s n ) n with n ∈ Z. [7] We denote the coupling constant of theĝ Yang-Mills theory byĝ and identify it with the modulus parameter of F-string world sheets in the weak string coupling region (if necessary by taking S-duality). [7] The gauge bosons of this theory represent the ChanPaton gauge bosons. After gauge fixing, this theory has two super gauge symmetries: the Bechi, Rouet, Stora and Tyutin (BRST) and anti-BRST symmetries. [13] [14] [15] Then, the Kugo-Ojima physical state condition on the wave function [16] 
for the sum of the BRST and anti-BRST charges Q holds. The solution of Eq. (7) is a Kac-Peterson form of a theta function. [7] The modular invariance of this theta function about the coupling constantĝ with modular group Γ reflects the T-duality invariance of the wave function. Here, Ψ is a function of the time variables (s n ) n and the coupling constantĝ. We can interpret this wave function Ψ as the wave function of the Universe. Actually, it contains all excitations of F-and D-strings except for gravitons and the excitations of R-R 4-form potential. The space-time geometry is embedded into fiber space as the probe of spatial d.o.f. by F-and D-strings.
[27] So, due to the Eguchi-Kawai large N reduction applied to the infinite number of gauge generators ofĝ, the dynamical d.o.f. on the fiber space are completely reduced. That is, the d.o.f. of type IIB string theory appearing in the field and metric configurations are reduced to an integrable hierarchy of the time variables (s n ) n on the Riemann surface of the coupling constantĝ. Our model has two distinct structures. First structure is the gauge field theory on the moduli space of vacua. Each vacuum is specified by the Kugo-Ojima physical state condition and is the stable field configuration when we regard the BRST charge as a differential. As will be explained, this gauge field theory is just an infinitesimal local description of the moduli space of vacua in type IIB string theory. Non-perturbative effects are not yet described and non-perturbative field configurations are fixed and not dynamical. So, the contents of this stage of the modeling are not so different from those of a perturbative string theory. The non-perturbative description or dynamics of type IIB string theory, i.e., transition between the stable configurations, is achieved by introducing another non-linear potential, as the second structure of the model, which can describe the moduli space of vacua globally. Then, we can describe non-perturbative effects, such as an infinite many body effect and the dynamics of D-branes. The way to introduce the second gauge potential is based on the derived category structure of the state spaces generated by a fixed vacuum. This derived category structure bases on Eq. (11) and results from the perturbative string symmetry, T-duality. Due to these structures, the theory studied in this letter is, on the whole, equivalent to the standard non-perturbative formulation of type IIB string theory [21] including the issue of the unitarity.
We define the renormalization of the wave functions by the methods of Whitham deformation R [22] of the variables p that are canonically conjugate to the variables of the representation space of the field operators:
for the slow variables S, the scale constant ǫ and their multi-phase function I(S), so that R satisfies the conservation law
We define the matter field ψ Λ with order parameters Λ and renormalization R by
for the U (ĝ) representation ̺ 1 restricted to an element v of the U (ĝ)-weight module V . The highest weight vector is implicitly contained in the wave function Ψ. [7] We denote the subspace of the U (ĝ)-weight module V by V s , which consists of the elements v in Eq. (10) . The cosmic time τ is the affine parameter assigned on spatial hypersurfaces sliced from space-time. Our definition of the increment of the cosmic time is done by a clock of the string excitations. We define the increment of the cosmic time δτ (s), to describe the change of the system only, in units of the Planck time as the operator, whose expectation value in the system is for the expectation values of the momenta p 0 [7] δτ
where the numerator of Eq.(11), kQ(s), is proportional to the Hamiltonian of the system Q(s) as the frequency times the number of the elements of the system (when we consider the free part of it), and the denominator of Eq. (11) is defined by the square root of the shifted minus Casimir operator Ω of the representation of the affine Lie algebraĝ in the field operators, [23, 24] where we invoke the identity for an arbitrary functional f of Ω
In Eq.(11) Ω 0 is the maximum value of the Casimir operator. The coordinates s have no relevance to the history of the cosmic time τ but only its increment δτ (s). The solutions Ψ of Eq. (7) do not have the variable of the history of the cosmic time τ , so we add it to Ψ.
These definitions are equivalent to the equation
We notice that the Casimir part of Eq. (11) has dimensions of time, since times the square root of the shifted minus Casimir of the representation in the field operators (that is, the sum of times the time frequencies of string excitations ω p 0 in the field operators) has dimensions of energy. The string excitations and the time periods corresponding to these frequencies ω p 0 are recognized as the clock and the Casimir part of Eq. (11) respectively. Thus, the free part of Eq. (11) is proportional to the quotient of the expectation value of the Hamiltonian divided by the time frequency of the string excitation ω p 0 , that is, the expectation value of the number of the elements of the system. With respect to the free part of the Hamiltonian, the grounds for the definition in Eq.(11) is as follows. As explained above, the free part of Eq. (11) is proportional to (the expectation value of) the number of elements of the system n . When we fix the expectation values of momenta p 0 , the statistical properties of n (s) around the coordinates s are those of the eigenstates of the Hamiltonian |n (if we restrict the Hamiltonian to its free part) which are labeled by the numbers of elements n. The cosmic time increment needs to count all of the nonunitary processes. The non-unitary processes induced by the Hamiltonian are classified by the transitions between the states labeled by the numbers n via their superpositions. Thus, the variance of the number n (s) around the coordinates s captures the changes in the non-unitary processes induced by the Hamiltonian. Consequently, n contains the statistical properties (i.e., mean, variance and distribution function) of δτ (s) around the coordinates s. Here, we have discussed Eq.(11) using coarsegrained values of some quantities, so Eq.(11) may not be the exact form of the cosmic time increment. On this issue, further refinement may be needed, but is beyond the scope of the present investigations.
The cosmic time development of the wave function is governed by
for the effectively scaled increment of the cosmic time δτ R = δτ | RVs . We note that δ/δτ R = δ/δ(δτ R ). The increment of the cosmic time is an operator, thus it makes a rigorous sense only for its eigen wave functions. In this paper, we consider the time developments of its eigen wave functions only, otherwise we take its expectation value in the system.
The functional form of the increment of the cosmic time δτ R (s) is already determined by Eq.(11). Eqs. (14) specify the functional variation δ/δτ R . The time coordinates s are infinitely many, matching the number of degrees of freedom of the model. This variation δψ Λ /δτ R is between functions of the coordinates s. Without Eqs. (14), when τ R changes its value, we do not know which of the coordinates s has changed to cause this shift. Eq. (14) specifies it. The cosmic time is a degree of freedom among the infinite number of coordinates. If we fix the cosmic time, the wave function is a function of the remaining degrees of freedom. The variation of the wave function with respect to the cosmic time is determined by Eqs. (14) .
The cosmic time has its sense only as its change in Eq. (14) of the corresponding state space V s . Then, due to Eq.(7) the bare wave function does not depend on the cosmic time
In the substate space V s , the description of the cosmic time is incomplete and stochastic. The solution of Eq. (14), when the cosmic time dependence is averaged over the coordinates on the moduli space of vacua, is
where the average is defined by the recursion equation
Here, we rewrite the functional integral with respect to δτ ′ R (s) as an average over a normal stochastic variable δτ R with variance σ R , mean µ R and distribution function f (δτ ′ R ). We note that, in general, H 2 is not identically zero due to its restriction. In Eq.(16), the first and second factors are the unitary and non-unitary processes, respectively. This is a string theory realization of Penrose's idea. §.2 Derived Category Structure Using Wave Functions. In our modeling, due to Eqs. (15) and (16), the perfect description of the Universe is independent of changes in the cosmic time, and non-trivial cosmic time processes can be applied only to closed systems with imperfect, partial descriptions and a non-zero retention time of the superposition of the wave functions. Due to Eq.(16), the retention time of the superposition of the wave functions tends to zero for the macroscopic objects. Systems which lose the retention time of the superposition of the wave functions have a classical cosmic time evolution and are essentially removable objects, whereas systems with a non-zero retention time of the superposition of the wave functions genuinely constitute a quantum mechanical world with common cosmic time processes such as quantum mechanical branching. That is, for the system with the non-zero retention time of the superposition of the wave functions, the variance of the increment of the cosmic time induces the non-unitary time development of a system. By Eq.(10) a system is a state space RV s of a U (ĝ)-module V s with a certain renormalization R and its time development is mapped to the projective resolution of the diagram of
as the Q-complex
where in the n + 2-th element of Eq.(19) we restrict both of QR and Ψ to the same state space with the n-th cosmic time value counted by the events of non-unitary processes. Since in our context, the Kugo-Ojima physical state condition means that the wave function is an eigenfunction of the Hamiltonian with zero eigenvalue, the nonunitary time process, that is, the collapse of a superposition of wave functions changes the eigenvalues of the Hamiltonian. Namely, for the eigenvalue λ of the Hamiltonian
holds. Then, the kernel of Q does not match the full state space V and the cohomology of Q is non-trivial, that is, not the full state space. We note that, generally, superpositions of the wave functions are generated by unitary time processes in the larger system. Thus, a nonunitary process may occur at any cosmic time.
By the Q-cohomology content in Eq. (16) only, each system is specified and the cohomologically non-trivial content is the non-unitary second factor in Eq.(16) which survives modulo ImQ. For a macroscopic physical object, we can interpret this as a collection of microscopic quantum states with non-trivial effects of time variances or as a large-scale macroscopic quantum state with trivial effect of time variance. These interpretations need to be unified. These observations lead us to the derived category description of the quantum mechanical world under the moduli of quasi-isomorphism equivalences of the BRST complexes. We denote by D b (C) this derived category of the BRST complexes of the base abelian category C. Due to Eq.(9), the quasi-isomorphisms which commute with the cosmic time development by the Q operation are given by renormalizations. Here, the derived category D b (C) of a base abelian category C is defined by restriction of the homotopy category K(C) on a closed system of the products of quasi-isomorphisms in K(C). [25] The objects of our base abelian category C are the spaces of states created from a given wave function Ψ by the actions ̺(V ), i.e., the U (ĝ)-weight modules. The morphisms are the transformations compatible with the differential Q or the covariant derivative ∇ (namely, where Q or ∇ is a vector) respectively. (We denote the latter base abelian category by C ∇ .) When we consider the theory of gauged S-duality using the linear wave function Ψ only, the morphisms of base abelian category C Q are defined only by the homomorphisms, denoted by k, compatible with the differential Q. Then, the morphisms, denoted by h, between two complexes are defined by h = kQ + Qk.
§.3 Non-perturbative Description Using the Non-linear Potential. Based on this derived category structure D b (C) of the quantum mechanical world description, we generalize the results in the Introduction by a substantially different method. We introduce a single master equation as the generalization of the Kugo-Ojima physical state condition for a non-linear potential, denoted by ℵ (standing for the symbol 'A µ ' of a gauge potential), which describes the non-peturbative effect or dynamics alluded in the Introduction, according to the following three guiding principles. As the concrete form of the equation, we adopt a single vanishing curvature.
i) The local principle. In our modeling, it is gauged S-duality.
ii) The generalized gauge invariance using the nonlinear potential.
iii) The equation vanishes under the action of the covariant derivative, due to the generalized gauge invariance (we note that the covariant derivative is the generalization of the BRST charge Q).
As the result, the generalized Kugo-Ojima physical state condition is regarding operator valuedĝ-connection ℵ on the fiber space: [28] Ω
where Ω is the curvature form
and we introduce‫א‬ as the dual vector field, whose coefficients‫א‬ i , indexed by the differential basis ∂ i on the tangent bundle for the dual coordinates Y i of Q i = Q| dy i , are the operators made from the dual basis ofĝ. These coefficients are canonically conjugate to the one of ℵ, indexed by the 1-form basis dY i on the cotangent bundle, as
and ∇ and∇ are the covariant derivatives on the categorical Q-complexes
for an arbitrary operator valued form O and [, ] is the Z-graded commutator for an arbitrary pair of a d a -form
which satisfies the super Jacobi identity
Here, we consider the super Lie algebra ofĝ, and the degree d of the element O is its ghost number. We note that in general, O a ∧O b = −O b ∧O a for 1-forms, since we treat the product of matrices inĝ and the outer product of forms simultaneously. Since the BRST differential has ghost number one, the ghost number coincides with the degree of the element as a form. 
We check the requirements of the three principles in Eq. (21) . The first principle requires that infinitesimal deformations Ψ of the parallel section to ∇ obey the linearized equation Eq.(7). The principle of covariance requires that the non-linear potential ℵ obey the equation written only using ∇ and∇. Eq.(21) satisfies these requirements. Finally, to show the third principle on Eq.(21), we contract the indices i and b of the Bianchi identity (29) where we use the fact that ∇ has ghost number 1. We denote the matrix elements (not in the sense of the expectation values) of the operator [∇ i , ∇ j ] by ([∇ i , ∇ j ]) ab , and these are defined by
for an arbitrary operator valuedĝ-connection O on the fiber space. The indices a and b denote the bases ofĝ, and the contraction of indices is taken using the metric on the fiber space. By analogy with the c-valued curvature tensor, we assume the symmetry of the indices of [∇, ∇]
(31) Then, the Bianchi identity takes the form
where
Using the Leibniz rule, the equalitȳ Based on Eq.(21), we define each morphism of the base abelian category C ∇ to be the non-linear [30] transformation operator compatible to the non-linear potential ℵ (namely, where the covariant derivative ∇ is an infinite dimensional vector for this transformation just like the situation such that, in the general theory of relativity, the covariant derivative is a vector on the curved space-time, that is, in our case the parallel section Ψ ∇ of ∇ such that ∇Ψ ∇ = 0). The objects of C ∇ are redefined to be compatible to the morphisms and do not need a wave function of the Universe, which is an infinitesimal approximation of the parallel section Ψ ∇ of ∇. We change the formulation so that the cohomological contents of wave functions result from the morphisms. In this new vision, the role of the given linear potential Ψ in the Q-complexes is substantially taken by the non-linear potential ℵ (in the general theory of relativity, they correspond to Newton potential and the space-time metric respectively), and the category C Q has only cohomologically trivial contents, that is, the vacuum itself or a unitary factor only. The non-linear potential ℵ describes the dynamics of the morphisms of the derived category D(C) which is the morphism structure of base abelian category C. This description is global. Consequently, the non-linear potential ℵ can describe the transition between the stable configurations. In contrast, the linear wave function Ψ is an infinitesimal local description of D(C) and ℵ, and cannot describe the non-perturbative effect nor dynamics of D(C).
